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2tion that a connection between QCD and a lattice spin
model was pointed out in Ref. [7], using concept of quan-
tum critical point. In our example, we will see that the
massless property of light is not due to criticality. It is a
generic property of a quantum phase.
We start with a SU (N
f
)-spin model[5, 6] on a 3D cu-
bic lattice. The states on each site form a representation
of rank N
f
=2 antisymmetric tensor of SU (N
f
). We note
that those states can be viewed as states ofN
f
=2 fermions
with fermions  
ai
, a = 1; :::; N
f
in the fundamental rep-
resentation of SU (N
f
). Thus we can write down the






























































The Hamiltonian has three translation symmetries and
six parity symmetries P
x
: x !  x, P
y
: y !  y, P
z
:
z !  z, P
xy
: x $ y, P
yz
: y $ z, P
zx
: z $ x.
The Hamiltonianalso has a charge conjugation symmetry






To nd the ground state of the above systems, we will
use the projective construction (which is a generalization
of slave-boson approach[5, 8, 9]) to construct the ground






















. The mean-eld Hamiltonian allows us
to construct a trial wave function for the ground state of
the SU (N
f

















i is the ground state of the mean-eld
Hamiltonian H
mean
and P is the projection to states
with N
f
=2 fermion per site. Clearly the mean-eld
ground state is a functional of 
ij
. The proper val-
ues of 
ij












The relation between the physical operator S
ab
and
the parton operator  
a
essentially denes the projective







































The U (1) gauge structure has a very real meaning: two
























i. In the following, we will calculate

ij













i which approaches to the exact ground
state energy in the large N
f






i to respect the SU (N
f




















































































be a negative number, we expect the ansatz that mini-
mize E
mean
to have  ux on every plaquette. Such an
ansatz can be constructed and takes a form

i;i+x^














Such an ansatz, after projection, gives rise to a correlated
ground state for our SU (N
f
)-spin system.


































=(; 0; 0); Q
y









































2 ( =2; =2), and k
z























The mean-eld ground state j
mean
i is obtained by ll-
ing the negative energy branch. We see that the dis-
persion has two nodes at k = 0 and k = (0; 0; ). Thus
there are 2N
f
massless four-component Dirac fermions in
the continuum limit. The low energy theory has Lorentz
symmetry. Including the collective phase uctuations of










































,  = 1; 2, and 

are 4  4 Dirac
matrices. Integrating out the high energy fermions will
generate dynamics for the a

eld (see Eq. (17)). We see










In the following we would like to argue that the ap-
pearance of the massless U (1) gauge uctuations and the
massless Dirac fermions is not a special property of the
particular state constructed above. It is a universal prop-
erty of a quantum phase (characterized by a particular
quantum order). We will rst nd the PSG of the con-
structed state. Then we will argue that the PSG is a
universal property of a quantum phase by showing that
radiative corrections cannot change the PSG. Last we will
show that any state described by the same PSG (ie any
state in the same quantum phase) will have the same
massless U (1) gauge uctuations and the same massless
Dirac fermions. We would like to remark that the sta-
bility of the massless U (1) gauge uctuations in 3+1D
is not new. But the stability of massless Dirac fermions
may be new and the PSG approach put the stability of
the massless U (1) gauge uctuations and the stability of
massless Dirac fermions on the same footing.
The PSG[4] that characterizes the quantum order in



























































































The invariant gauge group (IGG) of the ansatz is G =
fe
i
g = U (1), which is a (normal) subgroup of the PSG.
Here G
x;y;z
are the gauge transformations associated
with the three translations, G
px;py;pz
are associated with























. The ansatz is invariant, say, under the
party transformation P
x




To show that the PSG is a universal property of a quan-











i. If we include perturba-
tive uctuations around the mean-eld state, we expect

ij
to receive radiative corrections Æ
ij
. However, the









have the same projective sym-
metry group. This is because if 
ij
and the Hamiltonian
have a symmetry, then Æ
ij
generated by perturbative
uctuations will have the same symmetry. The transfor-
mation generated by an element in PSG just behave like
a symmetry transformation in the perturbative calcula-
tion. The mean-eld ground state and the mean-eld
Hamiltonian are invariant under the transformations in
the PSG. Therefore, Æ
ij
generated by perturbative uc-
tuations will also be invariant under the transformations
in the PSG. Thus the perturbative uctuations cannot
change the PSG of an ansatz. Also if we perturb the
SU (N
f
)-spin Hamiltonian Eq. (1) without breaking any
symmetries, the induced Æ
ij
is still invariant under the
transformations in the PSG. Thus the PSG is robust
against small perturbations of the Hamiltonian and it
is a universal property of a quantum phase. The PSG
can change only when the uctuations have an infrared
divergence which will drive a phase transition.
To understand how quantum orders and PSG's pro-
tect the gapless excitations without breaking any sym-
metries, we would like to rst nd out the possible uc-
tuations at low energies. The rst kind of low energy
excitations are described by the particle-hole excitations
of the fermions across the Fermi points. The SU (N
f
)-


















i. The second kind of low
energy excitations are the collective excitations described










)-spin wave-functions for such collective ex-









To see that the massless fermion excitations are pro-
tected by the quantum order, we need to consider the
most generic ansatz 
ij
that have the same PSG Eq. (11)
and check if the fermions are still massless for those
generic ansatz. The most general translation symmet-



















To have the parity symmetry i! i, the ansatz should
be invariant under transformation i !  i followed by
a gauge transformation ( )
i












. To have charge conjugation sym-
metry 
ij





. This requires that 
m
= 0, if m = even.





























In the momentumspace,  vanishes at k = 0 and (0; 0; ).
Thus the PSG protect the massless Dirac fermions.
To see that the massless collective uctuations de-
scribed by a
ij
are protected by the quantum order, we
need to show the collective uctuations are massless for
the most general ansatz that have the same PSG Eq. (11).
For any ansatz that is invariant on the PSG, it is also
invariant under the IGG G = fe
i
g = U (1) which is sub-










label the same quantum state (and are said to be gauge
equivalent). (See Eq. (7).) We see that a
ij
describes a












is not allowed and there is no Anderson-Higgs
mechanism to give U (1) gauge eld a mass. Thus the
U (1) gauge uctuations are gapless for any ansatz that
has the PSG Eq. (11).
In the standard analysis of the stability of the mass-
less excitations, one needs to include all the counter terms
that have the right symmetries into the Lagrangian, since
those terms can be generated by perturbative uctua-
tions. Then we examine if those allowed counter terms
can destroy the massless excitations or not. In our prob-
lem, we need to consider all the possible corrections to
the mean-eld ansatz. However, the new feature here
is that it is incorrect to use the symmetry group to de-
termine the allowed corrections. We should use PSG to
determine the allowed corrections in our analysis of the
stability of the massless excitations.
Next we consider a lattice model that contains both
massless and massive fermions. The mean-eld Hamilto-










































where a = 1; :::; N
f

















is given in Eq. (8). The model
































global symmetry. The gauge invariant physical opera-





























































= (; 0; 0); Q
y










































































We see that there are 2N
f




massive Dirac fermions in the continuum limit.
Those fermions carry crystal momenta near k = 0 and
k = (0; 0; ). The PSG that characterizes the above
mean-eld state is still given by Eq. (11), which acts
on both  and . Since IGG = U (1), the uctuations
around the mean-eld state contain a U (1) gauge eld
at low energies. After including the U (1) gauge eld and














































are the -matrices. After














































In this paper we propose that light is originated from
the quantum order in our vacuum. To demonstrate this












tice model has a ground state characterized by the quan-
tum order Eq. (11). We nd that the PSG (or the quan-
tum order) protects the gapless U (1) gauge uctuations
and the massless Dirac fermions (when N
f
> 0). We
note that the low energy fermion excitations in our model
have the Lorentz invariance, which is also protected by
the quantum order. Certainly our lattice ground state
does not describe the quantum order of the real vacuum.
It would be interesting to nd a lattice model that gives
rise to U (1)SU (2)SU (3) low energy gauge structure
together with chiral leptons and quarks.
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